Abstract. The Riemann function v(t: x) of a hyperbolic characteristic initial value problem has been much used in recent years to provide upper bounds for functions which satisfy Gronwall-type integral inequalities. This note gives a direct proof of the fact that ü satisfies an inequality of the form v(t: x) =s exp(/,v h(s) ds).
u(x) ^a(x) + fb(t)u(t)dt, J\a where [X--dt= f"---fX---dtx ■■■dt".
•V' fx°" Jx,
In fact, under appropriate hypotheses, Young's theorem [18] gives the best possible upper bound, namely (2) u(x) < a(x) + f a(t)b(t)v(t; x) dt, where v(t; x) is the Riemann function relative to the point x for the characteristic initial value problem
\v(t;x)=\ if t¡ -x( for any i = 1,2,...,«.
In [13] Snow noted that v(t; x) is the generalization of an exponential function exp(¡f b(r) dr) which appears in the corresponding bound for a one-dimensional Gronwall inequality (1) . The purpose of this note is to give a direct proof of the fact that, when b(t)> 0, the Riemann function v(t; x) is actually bounded above by this exponential function. This implies, for example, that if also a > 0 in (1) , then a more explicit (if cruder) upper bound for u can be given, namely
Such a result, (4), has recently been obtained by the author [2] for a more general inequality than (1), but in a context not involving the Riemann function. Moreover, inequality (5) appears in the middle of a proof [5, Corollary 1] of a matrix version of an extension of (4). (In [5] , the argument is also obscured by the fact that the inequality v *£ exp(/¿>) is obtained by applying a form of the main theorem with the inequality sign reversed.) Despite this, the result does not appear to be known. In view of the fact that in most cases where Riemann's method is employed in the cited papers, only an upper bound on u is required (or obtained), it seems to be worthwhile to give a direct proof of the inequality
We state the result in the form in which it is most often applicable, with x° = 0 and x > 0. Here we use the partial order in R": t < x means t¡ < x¡ for 1 < i «s n.
Theorem. Suppose b: R" -» R is continuous and nonnegative for x > 0, and v(t; x), 0 < t < x, is the Riemann function defined by (3). Then (5) holds for 0 < t *£ x.
Proof. As noted in [13, (5) and 18, (11)], v(t; x) is the solution of the integral equation /x b(s)v(s; x) ds. >
This also follows either by integration of (3) or by differentiation of (6). Moreover, v(t; x) has the Neumann series representation 00 (7) v(t; x) = 2uk(t> *)> o where u0(t; x) = 1 and, for k > 1,
(See also [18] and W. Walter [16, pp. 143-144] .) To estimate this integral we use the technique of A. M. Fink [6] , as used also by the author in [2] . Set t = (?,,... ,tk) E Rnk, let a denote the set of all k ! permutations of ( 1,2,..., k ), p E o, and S -[i: t «£/, «Sf2 < • • • < tk_x < tk *z x), S" = [t: t < tB < t" <•••*£ t" < t. < x). This extends the range of applicability of the Riemann method in dealing with integral inequalities (1).
